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1. We consider the nth order linear homogeneous differential equation 
y(n) = al(X)y(n-l) + *** + a,(x)y. (1) 
We shall assume that the coefficients a,(x),..., a,(x) are summable functions 
in a given interval (a, b). As usual, a function y(x) defined in (a, b) will be 
called a solution of Eq. (1) if its (n - 1)st derivative y(+-ll(x) is absolutely 
continuous and if (1) is satisfied almost everywhere in (a, b). 
Equation (1) will be said to have property I(u, b) if, for every sequence 
u<x,< *-a < x, < b 
of real numbers, the functiony(x) E 0 is the unique solution of this equation 
satisfying the conditions 
YW = 0 (i = I,..., n). 
Similarly, Eq. (1) will be said to have property I*(u, b) if, for every sequence 
u<x,< -.-<x,<b (wt<n) (2) 
of real numbers and for every system of positive integers 
P, Y..., P?n (Pl + ... + Pm = 4, (3) 
the functiony(x) = 0 is the unique solution of Eq. (1) satisfying the conditions 
y(j)(xJ = 0 (i = l,..., m; j = 0 ,..., pi - 1). (4) 
It is well known that, if for a sequence (2) and a system (3) the function 
y(x) = 0 is the unique solution of Eq. (1) satisfying (4), then for any system 
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of rz real numbers r( (; = l,..., m; j = O,...,p, - 1) there exists one and only 
one solution y(x) of (1) satisfying the boundary value conditions 
yW(q) = yii (i = l,..., m; j = O,...,p, - 1). 
This follows immediately from the fact that, for any system yr(~),...,y~(~) 
of linearly independent solutions of Eq. (l), the determinant of the system 
of linear algebraic equations 
i ckyp(xi) = rij (;=l,..., m;j=O ,..., p,--1) 
k=l 
is different from zero because the corresponding homogeneous system has 
only a trivial solution. 
In his paper [I] (see also [2]), Arama has proved the following: 
THEOREM. If Eq. (1) has property I(a, b), then it has property I*(a, b) also. 
The original proof of this theorem contains more than thirty pages and is 
based on a number of lemmas, the majority of which are completely devoid 
of interest since they describe properties of solutions of Eq. (I), which, it 
turns out, do not exist at all. The purpose of the present note is to give an 
alternative, considerably shorter proof of this important theorem, obtainable 
from the original one by a suitable rearrangement and improvement of its 
arguments. 
2. In the following, it will be convenient, in a somewhat algebraic 
language, to call a point 6 E (a, b) a zero point of order p of a solution y(x) of 
Eq. (1) if y(5) = *.. = y’P-l)(Q = 0 and y(P)(.$ # 0. If p = 1, such a point 
will be called a simple zero point of y(x). It is obvious that a solution of 
Eq. (1) with a zero point of order greater than n - 1 is necessarily trivial. 
In order to prove the theorem of Arama, suppose that, although there 
does not exist a nontrivial solution of Eq. (1) with n zero points in the 
interval (a, b), Eq. (1) does not have property I*(u, b). Denote by m the 
largest of the numbers 2,..., n - 1 for which there is a nontrivial solution of (1) 
with m zero points such that the sum of their orders is equal to or greater 
than n. Denote by y&x) any one of such solutions. Let xi ,..., X, be its zero 
points, ordered as in (2), of orders equal to p, ,...,p, (pi + *a. +p, 3 n), 
respectively. Put x0 = a and choose an arbitrary point x,+i in the 
interval (xnz , b). 
We consider the fou: following cases. 
(I) Suppose first that for a certain k we have p, > 1 and that pi = 1 
for i # k. Let ye(x) denote the solution of Eq. (1) uniquely determined by 
the following initial-value conditions: 
Y %k) = Y %k) 0 (j = 0 ,..., p, - 2, p, ,..., n - l), y-)(xk) = E. 
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From the continuous dependence of solutions of Eq. (1) on their initial 
values, it follows immediately that for every e sufficiently small the function 
y<(x) differs very little fromy,(x) and therefore has at least m - 1 zero points- 
one near each of the simple zero points xi ,..., xkel, xk+i ,..., x, of y,(x). 
In addition, for E # 0, y<(x) has a zero point of order p, - 1 at xk , the 
function 
changes sign at that point, and for E sufficiently small is close to 1 at the points 
01 = &q-l + 4, B = KG + %+1)* (5) 
So y,(x) must have at least one zero point in the interval (or, /3), different 
from xk . Thus, for E small enough, y,(x) is a nontrivial solution of Eq. (1) 
with at least m + 1 zero points such that the sum of their orders is equal to 
or greater than n. This contradicts the definition of m. 
(II) It is clear that by the same arguments we get a contradiction in the 
case when m = n - 1 and all zero points x1 ,..., x, are of odd orders. 
(III) Suppose now that m < n - 1 and that at least two of the zero points 
Xl ,-.*, xv2 are not simple. Choose one of them, say xk . Without loss of 
generality we may assume thaty(Q) x 9 ( ,J > 0. Choose m + 1 integers q1 ,..., qm ,
and s in such a way that 
l<q,<p, (i==l,..., k-l,K+l,..., m), O<qk=pk-2s (l<s), 
(6) 
91 + **- + qm = n - 2. (7) 
By the definition of number m, there exists one and only one solution U(X) 
of Eq. (1) satisfying the following boundary-value conditions: 
u(j)(xJ = 0 (i = l,..., k - 1, k + l,..., m; j = 0 ,..., qi - l), u(xm+J = 0, 
(8) 
qxJJ = 0 (i = O,..., qk - 11, dQ*)(xk) = 1. (9) 
If qk = 0, then (9) reduces to a single condition u(xk) = 1. 
By (6) and (8), for every f, the nontrivial solution y<(x) = ys(x) - .u(x) 
of Eq. (1) has zero points at xi ,..., xk-r , xk+r ,..., x, of orders equal to or 
greater than ql , . . . . qr-l , qk+l , . . . . qm , respectively, and, if qk > 1, a zero 
point at xk of order qK (for E f 0). In addition, for E positive and sufficiently 
small, the function 
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is equal to zero at xk , negative in some neighborhood of this point and 
close to 1 at points 01, /I defined by (5). So y,(x) must have at least one zero 
point in each of the intervals (01, xg) and (xk , p). Thus, for E positive and 
small enough, y,(x) is a nontrivial solution of Eq. (1) with m + 1 or m + 2 
zero points such that the sum of their orders, by (7), is equal to or greater 
than n, which contradicts the definition of m. 
(IV) Finally, suppose that m = n - 1. By (II), we may assume that one 
of the points x1 ,..., x, , say xk , is a zero point of even order, and that 
yp’(x& > 0. By the assumption that Eq. (1) has property I(a, b), there 
exists exactly one solution U(X) of (1) satisfying the boundary-value con- 
ditions 
U(XJ = 0 (i = l,..., k - 1, k + l,..., m + I), u(xk) = 1. 
For E positive and small enough, the nontrivial solution y,(x) = ya(x) - W(X) 
of Eq. (1) has n - 2 zero points at x1 ,..., xk-r , xk+r ,..., x, and, in addition, 
two zero points in a neighborhood of xk . This yields a contradiction and 
completes the proof. 
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